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ABSTRACT. In this paper, we present an algorithmic method for computing a
projective resolution of a module over an algebra over a field. If the algebra is
finite dimensional, and the module is finitely generated, we have a computa-
tional way of obtaining a minimal projective resolution, maps included. This
resolution turns out to be a graded resolution if our algebra and module are
graded. We apply this resolution to the study of the Ext-algebra of the alge-
bra; namely, we present a new method for computing Yoneda products using
the constructions of the resolutions. We also use our resolution to prove a case
of the “no loop” conjecture.

INTRODUCTION

In the study of homological properties of rings and modules, projective reso-
lutions are a basic tool. Such resolutions occur naturally in commutative ring
theory, the representation theory of finite dimensional algebras, group representa-
tion theory, algebraic geometry, and algebraic topology [Al [AG, [F] [HI, HZ]. On
the other hand, with the introduction of computers, computational and algorithmic
techniques have grown in importance [Bal [FGKK]. Both theoretical and practical
results are needed. This paper presents a new method of constructing projective
resolutions in a broad setting which has both theoretical and computational im-
plications. In particular, in the graded and finite dimensional cases, our results
provide a recursive procedure for computing minimal projective resolutions.

The class of algebras studied in this paper consists of quotients of path algebras.
We fix a field K for the remainder of this paper. If @ is a finite directed graph,
which we call a quiver, then the path algebra, K@, is the K-algebra with K-basis
consisting of finite directed paths in ). Thus, elements of KQ consist of K-linear
combinations of paths in . The multiplicative structure on basis elements p and
q is defined by concatenation pq if the terminus of p equals the origin of ¢, and by
0 otherwise. We view the vertices as paths of length 0 with multiplication given as
follows. If v and w are vertices and p is a path, we let v - w be v if v = w and 0
otherwise. We let v-p = p if v is the origin of p and 0 otherwise, and we define p-w
similarly. The multiplication on paths is extended linearly to arbitrary elements
of K(@Q. Note that the free associative K-algebra on n noncommuting variables is
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isomorphic to the path algebra K@ where @@ has one vertex and n loops. We let
Qo denote the vertex set of Q.

Let @ be a quiver and I be a (two-sided) ideal in the path algebra K@Q. Let A de-
note KQ/I for the remainder of the introduction. The algebras in this class include
all affine (that is, finitely generated) associative K-algebras. Every finite dimen-
sional K-algebra is Morita equivalent to an algebra in this class if K is algebraically
closed. Furthermore, this class includes graded K-algebras A = A¢ A1 B AP -+
where Ag is a product of a finite number of copies of K, each A; is a finite dimen-
sional K-vector space and A is generated in degrees 0 and 1; that is, for 4,5 > 0,
AiAj = Ai-i—j-

Let M be a A = KQ/I-module. Let FF — M — 0 be an exact sequence of K Q-
modules with F' = HvEQo vK Q. A main theme of the paper is the construction of
a filtration of F' by K@Q-submodules which contains all the information needed to
construct the A-projective resolution of M, the A-syzygies and the Yoneda product
of extensions of A-modules. In particular, we find a filtration

.CF'CcFvlc...c F'c F°,
such that F = F°, M = F°/F! and
o F"JF' — FPY P — oo  FYFYT — FO/FOT - M — 0

is a A-projective resolution of M with the maps induced by the inclusions of the
filtration. For the basic construction, we do not assume that A is finite dimensional,
or even noetherian. Furthermore, we do not assume that the A-module M is finitely
generated. For our minimality results, M will be finitely generated and A either
finite dimensional or graded.

We provide a recursive formula to compute F” as a K Q-submodule of F*~! from
the previously obtained F*~! ¢ F"~2. To explicitly find F™ from our formula, one
must write an intersection of certain submodules of a projective K Q-module as a
direct sum of cyclic submodules. A method for finding the generators of these cyclic
submodules employs the theory of right Grobner bases, and will appear elsewhere.

Our construction resembles earlier resolutions of Bongartz, Butler, Eilenberg,
Eilenberg-Nagao-Nakayama and Gruenberg [Bol [El [ENN]. Their resolutions are
almost never minimal in the finite dimensional case, and deal only with resolutions
of semisimple modules. We recall their resolution. Let J denote the ideal of KQ
generated by the arrows of Q. Furthermore, assume that JY C I C J? for some
positive integer N > 2. Then we have the filtration

.cJIl"cI"c--.cPcJlPcI*cJIcIcJcKQ.

Note that J/I is the Jacobson radical of A and that A/(J/I) is isomorphic to
KQ/J. One gets the following A-projective resolution of KQ/J

= I S g g — = 1T — J) I — KQJT — KQ/J — 0,

where the maps are induced by the inclusions.

The paper is organized as follows. In the first section, we give a general construc-
tion of a projective resolution of an arbitrary A-module M, where A is a quotient of
a path algebra. We show that if A is a right noetherian algebra and M is a finitely
generated A-module, then the resolution is finitely generated. If A is graded and
M is a graded module, we show how to modify the construction to obtain a graded
projective resolution.
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In the second section, we provide algorithmic techniques to adjust the construc-
tion to obtain minimal projective resolutions in both the finite dimensional and
the graded cases. The section ends with explicit computations of syzygies and
Ext-groups.

Section 3 deals with Ext-algebras. If Ay denotes A modulo its radical in the
finite dimensional case, or, A modulo its graded radical in the graded case, then we
study the algebraic structure of

E(A) = [ Ext} (Ao, Ao).

n>0

Furthermore, if M is either a finite dimensional A-module or a graded A-module, we
investigate the E(A)-module structure of E(M) = [],,~,(M,Ao). A major result
of the paper is that this module structure is included in the information obtained
in the construction of the resolution. In particular, one need not “lift maps” to find
the Yoneda products.

We apply our techniques to prove one case of the No Loop Conjecture in section
four. Namely, we prove that if A is a finite dimensional K-algebra and a is a loop
at the vertex v such that a™ is the first power of a belonging to the ideal I but
a™ is not in JI + I.J, then Ext} (S, S) # (0), for all n > 1, where S is the simple
A-module corresponding to the vertex v.

In the final section we investigate the influence of the characteristic of the ground
field K on the structure of projective resolutions. Other than some new examples,
we show that if the global dimension of A is bounded by 2 in one characteristic,
then the global dimension will be finite in all characteristics. We also provide an
example of an algebra that has infinite global dimension in only one characteristic.

Finally, we note that all modules will be right modules unless otherwise stated.
We also introduce some terminology. We say that an element x in the path algebra
KQ is right uniform, if x # 0 and there is a vertex v such that xv = z. Note
that if x # 0 is an element of K@, then z = Zver zv. Hence, every nonzero
element of K@ is a sum of right uniform elements. From a different point of view,
KQ =11, 0o I¥Qu as left modules. Hence, every nonzero element is a sum of right
uniform elements in a unique way. An element is right uniform if and only if it is
nonzero and a linear combination of paths ending at a single vertex. Finally, note
that if = is a right uniform element with zv = x for some v € Qq, then K@ is a
right projective K @Q-module isomorphic to vK Q.

Acknowledgment. The major work on this paper was done when the last two
authors visited the Department of Mathematics at Virginia Tech. We would like
to thank the first author and the department for their hospitality and effort in
making our stay there a very pleasant and interesting one. The authors also thank
M. C. R. Butler and the referee for their comments and suggestions, which are
addressed in an appendix to the paper.

1. THE RESOLUTION

Let @ be a finite quiver, and let R = K@ denote the path algebra of @ over a
field K. Let I be a two-sided ideal in R such that I C J2, where J denotes the ideal
of R generated by the arrows of the quiver Q. Let A = R/I be the quotient algebra,
and let M be a right A-module. In this section we construct, in an algorithmic way,
a projective resolution (P,d) of M over A. This resolution need not be finitely
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generated in general, but it is when A is noetherian and I is finitely generated as a
right ideal in R. In particular, if I is an admissible ideal of R, that is, J~¥ C I C J?
for some N > 1, then A is a finite dimensional K-algebra and the resolution (P, d)
becomes a finitely generated resolution. In the next section we also show how, in
this case, we can adjust P in an algorithmic way to obtain a minimal projective
resolution of M,. Moreover, if A is graded by the natural grading induced from
the length grading on R, then the resolution constructed for a graded A-module is
also graded.

We shall use the following well-known properties of the path algebra R = KQ:
(a) for every x in R, the R-module R is projective, and, (b) for each R-submodule
Y of Il;z; R with z; in R, we have Y = I1;y; R for some y; in II¥_;2; R (of course,
if Y is finitely generated, then we can write ¥ = H§:1ij for some finite set
{y1, ...y} in Iz; R, [G]). We now introduce the notation that will be needed in
defining the resolution (P, d) of M, and, throughout this paper.

Choose a family {f?};ca of elements of R such that the projective A-module
WieafOR/ Wieca f21 maps onto M. Without loss of generality we choose the family
to consist of vertices in R (repetitions allowed). We have

0— QL(M) — ;caf’R — M — 0,

and, we then choose a set {f!*} of elements of Il;cafOR such that QL(M) =
I, f1*R. Discard all the elements f!* that are in I;caf’I and denote by {f!}
those f1*’s that are not elements of Il;c 4 f’I. Assume that we have constructed
families of elements of ;e 4 fOR: {fF}; for each k = 0,... ,n. We now construct
the family {f/"**}; as follows. We consider the intersection (II; f"R) N (ijj”_ll).
We stop if the intersection is zero, and we set it equal to some 11, fl”+1*R otherwise.
Discard all the elements of the form fm"!* that are in II; '], and denote the
remaining ones by {f[”rl}z If each element of the form f"!* is in II; f*1, we
again stop at this stage of the construction. Note that we may assume that for
each n, each element f;* can be chosen to be right uniform, that is, there is a vertex
v (dependent on f*) such that ff*v = f*. An element of R is uniform if it is a linear
combination of paths in R, all starting at one vertex, and, all ending at one vertex.
We also note that, for each n > 0, we have a representation of f;' in Hfi”_lR as
follows:

—13n—1,
f}?zz:fzn h?,k "

(3

for scalars h:’;ln in R. Note that for each k, all but a finite number of h:’;ln are

zero. It is convenient to encode this information in the matrix (h?;ln) Further-
more, since the f/'’s and the fi”_l’s are right uniform, it follows that each h:’;ln
is uniform.

Setting F™ = 11, f/* R, from our construction, we have the following filtration of

the right projective R-module F©:
.CF'"CF»lC...C F?C F'C FO.

Definition 1.1. For each n > 0 let P, =11, f*R/ II; fI'I, and let 6™: P, — P,,_4
be the homomorphism induced by the inclusion IIf*R C I f;b_lR. We also define

the matrix (E?;ln) where h denotes the image in A of the element h in R.
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Note that the boundary maps 6™ are, in fact, determined by multiplication by
-n—1, . . .
the matrix (hn n), which gives a formula for the coordinates.
We can now state our first result.

n

1
Theorem 1.2. (P,6): --- — P, AN Py — - =P 2, Ph— M —01isa
projective resolution of M over A.

Proof. Tt is clear that for each n > 0, the modules P, are projective A-modules.
From the following commutative diagram with exact rows

0 0
I, {01 ——=11,f°1
0 —— QL (M) IL R M 0

0—— Q (M) —— 1L PR/ 1; f2I —— M ——0

0 0

it follows that we have exactness at Py. We now show that for each n > 0,
—n—1,n, —nn+l, . .

we have §"6"*!1 = 0. We must show that (hzk n)(thnJr ) is the zero matrix,

or, equivalently that for each ¢ and [, the sum >, hZ;l’nhZ:l"H is in I. But

SN, hZ;l’nhZ:;LH) is an element of ITf/" 'R, and we also have
- —Lny C1yn—1my g nntl
DS QU = 2 QAT k!
i k ko
=D it =
k

which lies in II fi”*II . We infer from the uniqueness of the representations as
elements of direct sums that for each ¢ and I, the element >, h'y "y is in I.
It remains to show that for each n, Ker 6® C Im 6"+, Let (Ty)x be in the kernel

of 6". Therefore, Y, Ezgl’nf,@ = 0 for all i, or, equivalently Y, h:.f;l’"xk is in the
ideal I for all i. On the other hand,

SO R ) =Y O T R e =Y frak
i k k i k

is an element of ITj, f R and, since >, /' (3, hZ;l’nxk) is also in T, f" 11, we
have that the element >, f/'~ ' (3, hzgl’"xk) is in ILf"*"*R. Therefore, we can

rewrite it as
SO ) = Y 1y 4,

i k J
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where 7, is an element in R and u is an element of I1f;*I. We claim that we have
6"*t1((;);) = (Tx)r, where 7, denotes the image in A of the element ~; in R. To
prove this we have

n -—n n+1 —n n+1
6 +1((7j) ) (hkj rYj i = Z

But, we have

S IROQm ) =D 7y =
k

k J J

modulo I1f?1. Hence, we infer that for each k we get Z hj ”H'yj = x, modulo I.
This proves that Ker §” C Im §”*! and the proof is complete O

We show next that the resolution constructed above is a finitely generated reso-
lution if we assume in addition that A is noetherian and I is finitely generated as
a right ideal in R.

Theorem 1.3. Assume that A is noetherian and that I is finitely generated as a
right ideal of R = KQ. Let My be finitely generated. Then the resolution (P,0) of
My is finitely generated.

Proof. First observe that we may choose f?, ... ,f? in R such that II¥_, fOR/TI¥ |
f21 maps onto M. To prove the theorem, it is enough to show that, for each n > 0,
the direct sums II; f/** R are finite. We prove this first for n = 1. We have the exact
sequence of R-modules,

0 — I, [T — QR(M) — Qi (M) — 0,

and, since both ends are finitely generated, then so is the middle term. But
QL(M) = I;f}*R hence this sum must be finite. We show now by induction,
that, for each n > 1 we have QL(Q4 ' (M)) = II, f7* R and that they are all finitely
generated. (Here by Q% (M) we mean the kernel of the map IT; f* ' R/1I; fF~'1 —
Qk=1(M).) If n > 2, we have the following exact commutative diagram:

0 0
0—— (ILfP 2D N (L 7' R) —— I 'R ——— QY (M) —— 0

| |

00— ILfF 22— QL 2(M)) — Q7 H (M) —— 0

which shows that QL (Q2 ' (M)) =1L, f**R, and the diagram
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0, f] 7 =——=11, ]I

0—— QL (M) ——— 1 [ ' R———— Q1 (M) —— 0

00— (M) —— ij;klR/ I, f7 7 —— Q7 (M) ——0

0 0

and, from the left vertical exact sequence, an easy induction argument shows that
QL1 (M)) is finitely generated. Thus the sum IT; f{* R is finite. The proof of
the theorem is now complete. O

Remark 1.4. If I is an admissible ideal in R, then [ is finitely generated as a
right ideal in R and A = R/I is a finite dimensional K-algebra, hence noetherian.
Therefore, as a corollary of the above the resolution is finitely generated for any
finitely generated A-module M, when [ is an admissible ideal.

The path algebra R = K@ has a natural grading R = II;(KQ); where, for
each i, (KQ); denotes the K-vector space spanned by the paths of @ of length i.
Each (KQ); is endowed with an obvious (KQ)o-(KQ)o-bimodule structure, and,
J =11;>1(KQ); is the graded radical of R. If I C J? is a two-sided ideal generated
by homogeneous elements, then A = K@/I has an induced grading. In this case we
say that A is length graded. By a graded A-module M, we will always mean a graded
A-module M = 1,7 M; such that, M; = (0) for sufficiently small ¢, and, each M; is
a finite dimensional K-vector space. In particular, A is a graded A-module. Given
a graded module, it has a projective cover in the category of graded modules and
degree zero maps, and, its kernel is again a graded module in our sense. Note also,
that as a graded algebra, A is generated in degrees 0 and 1.

Proposition 1.5. Let My be a graded A-module. Then, the projective resolution
(P, 8) of Definition can be chosen to be a graded resolution of My.

Proof. Since M, is graded, we now take I[If°R — M — 0 as a degree 0 homomor-
phism with the f2’s homogeneous elements of R in the appropriate degrees. We
have a sequence of R-modules

0— QLM —TIIf’R— M — 0

which is exact in gr R. Since Q% (M) is a graded submodule, we may take I1f}*R =
QL (M) with the elements f1* right uniform homogeneous elements of II; f? R. Since
I is a homogeneous ideal of R, it follows that I is also a homogeneous right ideal
of R. Thus IIfyR is also a graded submodule of IIf°R. Therefore, we have that
f?*R = (IIf'R) N (I1f°I) is also a graded submodule of IIf°R. We inductively
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construct a chain of graded R-submodules of I1f°R:
. CIf"RCIf" 'Rc-- - CcIIf°R.
The result follows by taking quotients modulo 1. O

2. MINIMALITY

In this section we give an example showing that the projective resolution con-
structed in the previous section need not to be minimal when I is an admissible
ideal. However, when I is an admissible ideal, we prove that the elements {f"}
can be chosen such that the resolution is minimal. We also compare this resolution
with the Bongartz-Butler-Gruenberg resolution in [Bd|.

We start with an example showing that the resolution constructed in Definition
1] need not be minimal.

Example 2.1. Let R be the path algebra of the following quiver:

and let I be the ideal of R generated by ab — cd, bf and de. Let A = R/I, and
let S; be the simple A-module corresponding to the vertex v;. The ideal I is a
7-dimensional vector space with a basis given by the elements ab — cd, abe — cde,
abf —cdf, abf, cde, bf and de. We construct now a projective resolution of S over
A using the resolution described in Definition [T-1}

We can take fO = v, so we have 0 — Q}%Sl — 1R — S1 — 0 and we can
decompose QLS; = fIRII fiR, where fi = a and f; = c¢. Next we note that
Hf*R = (aR1IbR) Nv1] = v11, and a K-basis of v1I is the set {ab — cd, abe —
cde,abf — cdf,abf, cde}. We decompose v11 as

v = (ab—cd)R11 abf R1I cdeR.

But abf and cde are in IIf'T = al Il cI. So f%2 = ab — cd and we have f?R =
(ab — cd)R. Now we compute f3*. We have that I1f3*R = (ab — cd)RN (al 1l cI),
and it easy to check that IIf3*R = (0), so that we obtain the following projective
A-resolution of S, which turns out to be minimal:

0— (ab—cd)R/(ab—cd)I — aR/al 1 ¢R/cI — viR/v1I — S; — 0.

We remark that we could have decomposed v11 also in the following way: v11 =
cdf R1I (ab — cd)R I cdeR and cdeR is contained in al IT ¢I, but cdf and (ab — cd)
are not in al I cI. So we can write fZ = cdf and f3 = ab — cd. We continue and
get ILf3*R = (cdf R1I (ab—cd)R) N (al Il cl) = abf R. Finally, we get the following
A-projective resolution of Sy, which is clearly not minimal:

0— abfR/abfI — cdf R/cdf R1I (ab — cd)R/(ab — cd)I
—aR/alll cR/cl — viR/viI — S; — 0.

The next result shows, as in the above example, that we can always choose the
elements {f™} in such a way that we obtain a minimal projective resolution of a
finitely generated A-module when [ is an admissible ideal.
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Assume now that I is an admissible ideal, hence A is finite dimensional. Choose
{2} such that IT; fOR/ 1I; f21 is a projective cover of M. We have the following.

Theorem 2.2. In the resolution (P,6) = (ILf"R/fI'I, (En_l’n)) the elements { f'}
can be chosen in such a way that, for each n, no proper K -linear combination of a
subset of {f]'} is in fr=tr + 10 J.

Moreover, there is a decomposition

/™R = (ILfR) 1L (If]"R),
where the elements fi"/ can be chosen to be in IIf"11.

Proof. For each n > 2 we have the decomposition
(1) If™R = (If""'R) N (ILf"21)

Step 1: We show first that we can adjust the decomposition () to obtain a
decomposition of the type

(2) [f"R=(ffRI...IfFR)I(f ,RI--- 11 f' R),

where each f]”' is in IIf™»~11 + IIf™*J, and, no proper K-linear combinations of
a subset of {f"} is in IIf"~!'I + IIf™*J. To prove this claim, start with the de-
composition (I). If £ = oy fJ* + -+ + a5 f is a K-linear combination, where, say
a1 # 0, then we have ffRII... II ffR=2RI f3RI... II f*R. Thus, if z is in
f"=1I + 1If™*J, we adjust our initial decomposition to the decomposition

If™R=(ffRIL... 1L fFR)I (xR f ,RIL... 11 fi' R),

2 thus becoming one of the f”"s. The element x may be assumed to be right
uniform. We continue this process and the claim is proved.
Step 2: By the first step, we may assume that we have a decomposition of the

type
/™R = (fFRI...I PRI (f,RIL... 11 fi' R),

where each of the f’s is in I1f" I 4+ IIf"*.J. We show now that we can further
adjust this decomposition in such a way that each fi”/ is in fact in II; finfll .

Let y = fj”/ be such that f]”/ is not in IIf"~'I. We can write y = o’ + V'
where a’ is in IIf*~ ' and b’ is in I1f™*.J. But ILf"~'I is contained in IIf"*R =
(If=LR) N (ILf"2I), so we can write a’ = ya — q and &’ = yb + ¢ for some a in
R, bin J and some q in I gn-x, f"*R.

We get y = y(a + b) and, since y is right uniform with terminus w, we have
a+b=w,s0a=w—b. Let z = (w+b)(w+b*>)(w+b*) - (w+b*"). We multiply
a’ =ya—qin IIf" 1T by z on the right and we obtain y(w — an+1) —qzin If" 1T
ory— yb2”+1 —qz in IIf"~'1. Since I is admissible, for large enough n, v is in
I, so beWrl isin yI C IIf" 11, so y — qz is in ILf7~11.

We claim now that (y — gz)RII (I yn«x, f"*R) = IIf"*R. To show this we first
observe that IIf™ R = (y — qz)R + (I fn-2, f"*R). It is obvious that the sum is
direct.

In this way it is clear that we can adjust our decomposition, and that we may

assume that each of the fi"/ is in fact in IIf"~'I. The case where n = 1 is similar.
O
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We now give the analogous result for the graded (not necessarily noetherian)
case.

Theorem 2.3. Assume A is length graded and let M be a graded A-module. Then
the resolution (P,0) = (IL;fFR/ 10, fI'1, (Enil’n)) can be chosen to be a graded

resolution in such a way that for each n, the fI*’s are homogeneous elements (and

hence the f['’s), with no proper K-linear combination of a subset of {fI'} is in
L f7=1 + 1Lf™*J. Moreover, there is a decomposition

™R = (IIf"R) 11 (IIf™ R)
where the elements f"/ can be chosen to be homogeneous elements in I1f™1.

Proof. By Proposition[IAl we begin with a graded resolution of M. For each n > 2,
we have a decomposition

(3) Lf™ R = (I R) N (ILf"~21)

with the f™*’s homogeneous.
Step 1: We show first that we may adjust the decomposition (B]), to obtain a
decomposition of the type

(4) If"™R = (ILf"R) II (ILf"™ R)

where each f is a homogencous element in IIf* 'R + IIf™*J, and, no proper
K-linear combination of a subset of {f"} is in IIf"~1I + IIf™*J. For each degree,
there are only a finite number of f™*’s in that degree, since each homogeneous
component of M and A is finite dimensional. Fixing a degree, we obtain

@) LIf"™R=(ffRIU--- I fFR)I(f, 1 I f'R)

and we proceed, degree by degree, as in the proof of step 1 of Theorem 2.2
Step 2: By the first step, we may assume that we have a collection of decom-
positions of the type

LUf™R=(ffRI---ILfPR)IL(f, 111 fI' R),

’ .
where all f**, f]* and f}" are homogeneous in the same degree, and, where each of

the fj”/’s is in I "~ 1T +1Lf"*.J. We show now that we can adjust these decomposi-
tions in such a way that, each f]”/ is in fact in IIf? 1. Let y = fj”/ be such that y
is not in IIf”~11, and of degree k. We can write y = a’ + b’ where a’ is in ILf" 11,
b is in I1f™*J, and both are homogeneous of degree k. Since I1f"~'I is contained
in ITf™R, we can write a’ = ya — ¢ for some ¢ in e, f"* R, homogeneous of
degree s. Note that a must be a homogeneous element of Ry = (KQ)o. By right
uniformity ya = y. Thus y — ¢ is in IIf"~ 1T and we also have

This completes the proof. O

We can now show that the adjusted resolution is minimal.

Theorem 2.4. Let M be a A-module and let (P) = (IIf"R/ 1T f™I, (En_l’n)) be
the projective resolution of M as in Theorem [, where the representatives {f™}
are chosen in such a way, that for each n, no proper K-linear combination of a
subset of {f™} lies in ILf"~1I +11f™*J. Then, the resolution (P) is minimal.
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Proof. 1t is enough to show that for each m, the entries h»~%" are in J, where
fr=> frth"=b". We prove this for each n, the case n = 1 being obvious.
Assume that for some n > 1 we have a representative fI' written as f/' =

7 hy 4 -+ £ hy, where not all h; are in J. Using the fact that the f*~1’s
are right uniform elements of R, we get an expression

=i et T A T e

where a; is in K and r; isin J for i = 1,...,¢ (not all necessarily nonzero). Let x =
Z§=1 finfloci. Then we can write z as x = f}' — Z§=1 fi'“lri in I 21 +10f71J,
which is a contradiction to the choice of the elements {f"~1}. O

A projective resolution of A/r and the groups D Ext’ (A/r, A/r) are given in
IBd], where D = Hompg( , K) is the usual duality. We now give some information
on the elements f™’s, which enables us to give a connection between the Bongartz-
Butler-Gruenberg resolution in [Bd] and our resolution.

Proposition 2.5. Let M be a A-module and, for each n >0, choose {f™} in such
a way that the resolution (ILf"R/ 11 f*I, k) is minimal as in Theorem 2.4.
(a) Let n > 1 and write f* = fI 'ry +--- + " 'ry with r; in R. Then, the
elements f™ can be chosen (adjusted) in such a way that each of the elements
71, ... ,r¢ arein J\ I.
(b) The elements "t are in (ILf*J) N (ILf*~11) and
(ILfOJI™) N (IIfOI™T)  if n = 2m,
(IfOrm+)y M (IfOJI1mJ) if n=2m+ 1.

(c) QR(M)/QR(M)r ~1f"R/((LLf"R) N (ILf*~ 1) + 11f"J) and

LfOJI™ + IfOI™T  ifn=2m,
ILfOrm+L L IIfO0I™T  ifn = 2m + 1.

(™) n (If" =1 c {

I+ 10" © {

(d) DExty(M,A/x) = TLf"R/((ILf"R) A (I~ 1) + T/ ).
Proof. (a) It is clear that not all the r;’s can be in I. Write, say,
F= T T e F e e 2

where 71, ... ,r; are not in I, but 7541, ... ,r5 are all in I.

Let z; = f{* 'ry +--- + f,?flrk. Then it is easy to check that IIf*R =z R1I
(f*RIL... I f*™*R), since 1 = f — u, where u is in IIf*~' C (IIf""'R) N
(IIf"=21) = IIf™ R. Furthermore, x1 is not in ILf"~1I + I1f™*J; otherwise, fJ* is.
So we can replace f{* with 1. Continue this process. The fact that the coefficients
are in J follows from the minimality of the projective resolution.

(b) We have that f*t1 =" f*hmn*l where ™" is in J, since the resolution
is minimal. Therefore, f**1 is in }_ f*J. Moreover,

fnJrl — anhn,nJrl — anflhnfl,nhn,nJrl,

where the last sum is in II[f"~!I, since we have a resolution over A = R/I. It
follows immediately from this that f**! is in (IIf"J) N (ILf"~11).

We saw above that f? is in ILf*~2I for ¢ > 2. This implies that f?™ is in ILf0I™
and that f2™*1isin IIf1I™ C I f°JI™. The last claim in (b) follows immediately
from this.
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(c) and (d) The second claim of (c) follows in a similar fashion to (b). Since the
projective resolution of M is minimal and A/ r is semisimple, it follows immediately
that

DExtY(M,A/r) ~ Tor®(M,A/r) ~ IIf"R/ 11 f"J.

Furthermore, the minimality of the resolution, and the above imply that ITf"J =
mfJ + (If"R) N (ILf"~11). The result follows. O

It is shown in [Bo| that

m 1 m41m f =2m > 2
DExtT (A1, A/ 1) = IrmnJ J)/(JI™ +I™mJ) for n=2m > 2,

(JImnIrmg)/(Imtt + JrmJ) forn=2m+1>1.
We see that the formulas for D Ext}{ (A/r, A/ 1) and for D Ext} (M,A/r) in Propo-
sition are very similar, when M is any finitely generated A-module.

3. EXT-ALGEBRAS

Let A = R/I where R = KQ and I C J? is an admissible ideal of R, or
a length homogeneous ideal. Let Ag = R/J. Note that Ay is a semisimple A-
module. We recall that the Ext-algebra of A is the graded K-algebra E(A) =
IT,,>0 Ext}{ (Ao, Ag) with the obvious addition and with multiplication given by the
Yoneda product. Given a right A-module M, we have a graded left E(A)-module
E(M) = IO,>Exty (M,Ap). In this section we show how to use the minimal
projective resolutions introduced in section 2, to effectively describe the E(A) action
on E(M) (and thus, if M = Ay, the multiplicative structure of E(A) itself), in an
algorithmic way, by working at the level of the path algebra KQ.

We start by recalling the following interpretation of the Yoneda product, which
will be used in this section. First, we observe that if M is a finitely generated
A-module, in the admissible case, or M is graded in the length homogeneous case,
we may consider a minimal A-resolution of M:

~—>Pni>Pn,1—>'~—>Po—>M—>O.

This resolution is minimal in the sense that, for each n > 0, we have Im6™ C P,_qr
where r is the Jacobson radical of A in the case where I is admissible, and r is the
graded radical of A in the graded case which need not be finite dimensional. Since
Ext) (M, Ag) is the cohomology of the complex

0— HOHIA(P(),AQ) L HOIHA(P1,A0) £> cee

and, since Ag is semisimple, the boundary maps of this complex are all zero. It
follows that, for each n > 0, we have Ext}y (M, Ag) = Homp (P, Ag). Now let f be
in Ext} (M, Ag) and let § be in Exty' (Ao, Ag). We have the following commutative



MINIMAL PROJECTIVE RESOLUTIONS 2927

diagram with exact rows:

() Pl a P Py
Jlm Jll Jlo\\fl
PA e P) P} Ao
Jg
Ao

where the top row is part of a minimal projective resolution of M, the bottom
sequence is part of a minimal projective resolution of Ay, and the vertical maps
loyl1,. .. ,lm are successive liftings (not necessarily unique) of f . Then we have the
following description of the E(A) action on E(M):

g * f = the composition § o [,,.

It is well known that this action is well defined. We also remark that, since PM =
I;(fR/ 1), we have a dual basis of Ext} (M, Ag) = Homp (PM | Ag) consisting of
the maps { f;’} defined in the obvious way. In order to describe this action at the
level of the path algebra K@, we construct a commutative diagram of R-modules
where, the first and the third rows are minimal projective A-resolutions of Q% M
and, Ag respectively, and the back face of the parallelepiped is the front face modulo
the ideal I:

M M M n
P, ———P",  — - —PM —— OYM =0

e | A 7 %

an+rRC N an+7‘—1R( AN anR QXM i
Pvf\ l P;ng .. X Ao—0
A _ e s
HQTR%ng—lR( R Ao >0
!
/ "

R

(Note that in order not to complicate our already rather complicated notation, we
denote by ¢! the map IIg/ R — R as well as its image modulo I, ITg; A — Ay.)

Notation. Keeping the notation of section 2, let (IIf?R/ 1T fI'I, (Enil’n)) be a
minimal projective resolution of M over A, and let (Ilg"R/ I g1, (En_l’n)) be a
minimal projective resolution of Ay over A. Recall that the entries of the matrices
—n—1n
("

h ) and (En_l’n) are given by the expressions

n __ n—1pn—1,n n __ n—13.n—1,n
fit= ij hji " and gi' = Zgj kji
j J

J

Recall also that for each n > 2 we have

(LLf"'R) N (ILf"~21) = (LLf"R) I (LLf™ R)
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where each f”' is in IIf"~1I. We have similar statements and notation involving
the g’s, and, note that there are no g% ’s and g'’s appearing.
We have the following lemma which is valid over an arbitrary ring S.

Lemma 3.1. Let A, B, C and D be S-modules satisfying B C C and (A+C)ND =
(0). Then we have

(AIBLD)N(CILD)C (ANC)LI BI D.

Proof. We first observe that we have the inclusion (AII BII C) N (C II D) C
[(ADB)NCIIOD since, if t =a+b+d=c+d,thena+b—c=d —dis
in D, since b is also in C, we get that d = d’ and a + b = c. Therefore, x is in
[(ALIB)NC]+ D. But DN (A+C) = (0) and B C C so this sum is direct.
The lemma follows now immediately since B C C' implies the well-known equality
(AIB)NC=(ANnC)1B. O

The following rather technical proposition is crucial to our description.

Proposition 3.2. (a) For each n >0, the matriz (h™"1) has entries in IIg*R.
(b) For each v > 2 and n > 0, the product of matrices (h™"F1) ... (prtr=Llntr)
has entries in (Ilg" R) 11 (Ila<;<,g" R).

Note that for simplicity we are using the following notation: the matrix (h™"+1)
actually denotes the matrix (h;-l_’inﬂ) where the entries h;;"“ are obtained by
expanding the elements of the form f™t! in terms of the elements of the form f™.

Proof. (a) From the minimality of the projective resolution of M it follows that
each entry of the form h;}?’inﬂ is in J, so we can factor out the initial arrows, (note
that the family {g'} is the set of arrows of Q!), and we are done.

(b) We proceed in 2 steps.

Step 1: We show first that the sum is direct. Recall that, for each p > 0 we
have (ITgPR) II (Ilg” R) C ITgP~'R. Assume that the sum (IIg"R) + (ITj<i<,g" R)
is direct. But this sum is a submodule of IIg*~'R. Therefore its intersection with
IIg" ' R is zero. This proves that the sum (Ilg" R) + (IT;_1<;<,g* R) is also direct,
so it follows by induction that our sum is direct.

Step 2: We have the following;:

(hn,nJrl) . (thrrfl,nJrr)
_ [(hn,n+1) . (hn+r—3,n+r—2)] . [(hn+r—2,n+r—1)(hn+r—1,n+7")].
By induction, the product of the first r — 2 matrices has entries in (Ilg"~2R) 1T
(IMa<i<r—2 gi/R)7 and it is clear that the product of the last two matrices has entries
in I, hence the entire product has entries in (Ilg"~2I) II (Hggig,«_ggi'}%). But, by
looking at the product of the first » — 1 matrices, we see that the entire product

has entries also in (IIg"~*R) IT (Hggigr_lgi/R). Hence, the entries of the product
lie in the intersection

[(Ilg" ' R) T (Ilz<i<,—19” R)] N [(IIg"~21) IT (Ia<i<r—2g” R)]-
We now claim that we have the following inclusion:
(Ig" ' R) I (Ia<i<r—19" R)] N [(Lg"21) II (Ia<i<r—29" R)]
C [(Ig" ' R) N (Ilg" D) I (Iz<i<,—19" R)).
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Note that, since (IIg" ' R) N (Ig"~2I)] = (Ilg" R) I1 (IIg" R), the claim will indeed
imply that the entries of our product of matrices are in the required sum. To prove
this claim, let A = Ig" 'R, B = [Ig" VR, C = IIg"2I, and D = Ily<;<, 29" R.
With this notation we must prove that we have an inclusion:

(ALBLD)N(CILD)C (ANC)II BID.

This is precisely the statement of Lemma [3.1] once one shows that B C C and that
(A+C)ND = (0). It is clear that B C C. We also have that A and C are included
in g" 2R and D N (Ilg"2R) = (0); hence D N (A + C) = (0). The proof is now
complete. [l

Definition 3.3. It follows from the previous proposition that each entry of the
matrix product (R +1) ... (An*t7=1n47) g an element of the form Y g"1"m "+ +
Y a<i<r g stmntT - Let (Im™"17) be the corresponding matrix. (Note that the
number of rows of this matrix is the number of elements in the family {g"}, and
that the number of columns is the number of elements in the family {f"*"}.)

Proposition 3.4. For each n > 0 and r > 0, the following diagram of R-module
commutes modulo I:

(hn+1'71,n+'r')
an+7"R 5 anJrrflR

J/(lr,n,n-#r) J(lr—l,n,n+7‘—1)
(k"1

ngR ; ng—lR

Proof. We shall use a Sweedler-type notation in order to avoid multiple indices.
Note that by Proposition[3.21we have that the entries of the product of r consecutive
(hnFintit ) matrices have the form X = 3 g71m»™n+r 430, g st We
have the following;:

X = Z grlr,n,n+r + Zgr’sr,n,n+r + Z gilsi,n,n+7"

2<i<r—1
_ Z(Z grflkrfl,r)lr,n,nJrr
+ Z(Z grflarfl,r)sr,n,nJrr + Z gilsi,n,nJrr

2<i<r—1
_ § gr—l(E kr—l,rlr,n,n—i-r+ar—1,r5r,n,n+7")+ z : gi’si,n,n+r7
2<i<r—1

where each a7 is in the ideal I.
On the other hand, by expressing the matrix product as
[(hn,nJrl) L (hn+r72,n+r71)] . (thrrfl,nJrr)7

we see that each entry of this product is an entry of the product
(Z gr—llr—l,n,n+r—1 + Z gi’si,n,n—i-r—l) . (hn+7"—1,n+7").
2<i<r—1

Therefore, it has the form

Zgrfl(z lrfl,n,nJrrflthrrfl,nJrr) + Z gi’(z Si,n,nJrrflthrrfl,nJrr).

2<i<r—1
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From the uniqueness of the direct sum decomposition we obtain

r—1 r—1lnn+r—Ilpn+r—1,n+r
DI h )
_ Zgrfl(z k,rfl,rlr,n,nJrr + arfl,rsr,n,nJrr)

where we recall that each a” V7" is in I. It is immediate that the above equality
implies the proposition. O

We are ready to prove the main result of this section.

Theorem 3.5. Let f]” be in Ext)y (M, Ag) and let g& be in Ext)y (Ao, Ag) be two
basis elements. Then, the element gl * fj" of Exti™" (M, Ao) is given by

AT o rn,n+r pntr
g+ £ = I
t

where | is the image in A/ of the element 1 of R.

Proof. We infer from the previous proposition that for each n > 0, and r > 1, we
have a commutative diagram of A-modules:

. prtrolndny —n+r—1
07 A ———> 117 A

=ryn,n4r wr—1,n,n4r—1
J{(l ) J(l )

Er—l,r
Ig"A ) IIg" A

This shows, as promised, that we have constructed a diagram (&) as in the beginning
of this section, and, that the product g; *fj" is in fact the composition g; o (Zr’n’nw).

The theorem now follows. O

4. THE NO LOOP CONJECTURE

This section is devoted to applying the minimal projective resolution found in
section B to the no loop conjecture. In particular, we show a special case of this
conjecture.

Let K, @, and R be as above, and let I be an admissible ideal in R. As before,
denote R/I by A. The no loop conjecture says the following. If S is a simple A-
module such that Ext} (S, S) # (0), then pd, S = co. In [I], Igusa proved that the
global dimension of A must be infinite, whenever there exists a simple A-module S
with Ext} (S,5) # (0). (See also [I].)

First we prove a small technical lemma.

Lemma 4.1. Suppose a is an arrow in Q, where a: v — v for some vertex v in
Q. Let S be the simple A-module corresponding to this vertex, and assume that
the minimal resolution of S has been constructed finding the elements f*, f* and
h"=tm. The residue class of a™ in vI/v(JI + 1.J) is nonzero if and only if

an:foTi-i—fo/Si,
i :

where the coefficients r; and s; are R, and where some r; is not in J.
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Proof. Assume that a™ =), f2ri+ Do ff'si for r; and s; in R, where one of the
r;’s is not in J. Assume that the residue class of o™ in vI/v(JI + IJ) is zero.
Since each ffl is in I1f'1, it is in vJI. Hence the set {f?} is linearly dependent in
vl /v(JI + I.J). This is a contradiction to the choice of f? (Theorem 2.4)), so that
the residue class of a™ in vI/v(JI + I.J) is nonzero.

Conversely, assume that a™ = )", f2ri+ > ff/si for some r; and s; in R, where
all 7; are in J. Then clearly the residue class of o™ in vI/v(JI 4+ I.J) is zero. O

Now we show that if S is a simple A-module corresponding to a vertex with a
loop a where o™ is in I and @™ has a nonzero residue class in vI/v(JI + I.J), then
pdy S = oo.

Proposition 4.2. Suppose a is an arrow in Q, where a: v — v for some vertex v
in Q. Let S be the simple A-module corresponding to this vertex, and assume that
a™ is in I for some n > 2 and that the residue class of a™ in vI/v(JI + I.J) is
nonzero. Then Ext’ (S, S) # (0) for all i > 1. In particular, pd, S = co.

Proof. Note that the hypothesis implies that a®~! is not in I. It is well-known that
Ext’ (S, ) # (0) for i = 1,2.

By the above lemma, we have that a™ = Y, f2r? + >, f? s? for some r? and s?
in R, where some 72 is not in J. Let 2o = 3. f? s2. Then by = a™ — 25 is in ITf2R.
We want to show that bya is in IIf2RNILf'I. Since a” is in I and zy is in HleR,
the element 2, is in IIf'I and, therefore boa is in ITIf2R NIIf11.

Assume that bpa is in IIf2]. Then there exist u; in I such that Y, fAr?a =
> f2ui. Hence, ria is in I for all i. There exists an 49 such that 7 = cv + h for

cin K* and h in J. Then
o+ (eTh)?) (w4 (eTh)?) (v = (¢7rh))(ev + h)a = a — (¢ 1h)

is in 1. Since I is admissible and h is in J, for some large m, we get that a is in [.
This is a contradiction, which shows that boa is not in IIf2I and, Ext} (S, A/r) #

0.

By the above, we can write baa as
bra=) fir}+d f7's]
i i

for some elements 73 and s? in R. Expanding the two sides in the elements f2, we

get
22 2,23 3 2.3 3
E iTia= E fehyir + E frag sy,
I i

27n+1

)

where each o3 is in I. This implies that
2 _ 2,3 3 3 3
T 0 = g ht’i ry + E ay ;S;-
i i

There exists some ¢ such that rZa is not in J2. If r} is in J for all i, then the
right hand side is in J2. Therefore, we infer that not all rf are in J. Since baa
ends in v, t/here are also some f3 such that f3v # 0. Hence, Ext3} (S, S) # (0). Let
z3 =, f% s? and by = boa — z3.
Assume now that we have shown that
(@) bami1 = boma — Zome1 =D, ffmﬂrfm“, where not all rfm“ are in J,
(D) bom = >, f7™r?™, where not all 72™ are in J,
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(¢) Zomay is in IIf2m 1R,
We want to show that bgpq10
Ext3"2(8S, ).

The element by, 16! is clearly in IIf?™*+1R. Since by, is in IIf?™R and
Zoma1 is in I1f?™I, we have that bg,, 10" ! = bopa™ + zomyp1a™ ! is in If2].
Therefore, by, 1a™ ! is in T2 RN ITf2m].

Assume that bgy,1a™ ! is in T2+ that is, bay, 1™t = 3 f2H et

=1 represents some nonzero element in

where u2m+1 is in I for all i. Expanding the elements in terms of the elements f2™
we get
Z 2m 2m a” Zme-i-l 2m+1 + 22m+1a
ZmehQYn 2m+1 2m+1 Zmeﬁ2m+1 n—1
= t
where 62"”1 is in I for all t. For each ¢, we have that

rtQman _ Z ht27'rin,2m+1ui2m+1 + 6152m+1an71.
1
The right hand side is in JI + I.J for all t. For some ¢, the element 7?™ is not in J.
Using that I is an admissible ideal and similar arguments as before, we conclude
that a™ is in JI + IJ. This is a contradiction, and therefore ba,, 14"~ is not in
11241 and Ext3™2(S, A/ 1) # (0).
By the above, b2m+1a”_1 has a representation of the form

n—1 __ 2m+2_ 2m-+2 2m+2' 2m+2
bom1a""" = E [ + E fi 5
% i

Expanding in terms of the elements f>™, we get

Zme 2m a® = Zf2m+2 2m+2 + Zf2m+2 2m+2 + 22m+1a

7

_ 2m1,2m,2m+132m+1,2m—+2, 2m+2
_Z 2" h h 72

2m~+1 _2m+2 2m—+2 n—1
+ E :fl Qa8 + 22m+10

_ 2m.2m,2m+132m+1,2m—+2, 2m+2
=> f"h h 72

2miy2m,2m—+1_2m—+2 2m+2 n—1
+E fi™h ol s + Zomi10

for some ozlzfi’”r2 in I. We have that z,,,1 is in IIf>™1, so that, if rfm“ is in J for
all 4, then r7™a™ is in JI + IJ for all i. Since there exists 7™ which is not in J,
we show as before that a™ is in JI + IJ. This is a contradiction, and consequently,
not all 772 are in J, and Ext3"1%(S,S) # (0). Let zoms2 = >, frmA2 g2mt2
and b2m+2 = bomy1a” -1 Zoam+2. We can now move on to the following step.
Assume now that we have shown that
(a) bam = bop 10"t — 20, = > fZmr2m where not all r2™ are in J,
() bam—1 = >_; fZ™ '™, where not all r2m 1 are in J,
(c) zam is in IIf2™ R.
We want to show that ba,,a represents some nonzero element in Ext3™+!(S,.S).
The element bo,,a is clearly in I1f?™R. Since by,,—1 is in IIf2™ 1R, zg,, is in
Hf2m*1[ and by,,a = boy,_1a™ — 29ma, we have that by,,a is in HfQMRDHme’ll.
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Assume that bo,a is in I1f?™I. Then boa = Do f2mr2ma = Do f2mu?™ with
u?™ in I. Therefore, r?™a is in I for all i, and, as before this would give the
contradiction that a is in 1. Thus bay,a is not in HmeI and Ex‘c2mJrl (S,A/r) # (0).

By the above, the element by,,a has a representation of the form

’
mea _ E fi2m+17ai2m+1 T § f2m+1 S?erl.

i i
Expanding in terms of the elements f2™, we get

’
Zf2m 2ma _ ZfiQm—i-lriQm-i-l + Z f2m+1 82m+1

i
meth ,2m—+1 2m+1 2m 2m+1 2m+1
- t at Q

’L

where afm“ is in I. If all r2m+1 are in J, then era is in J? for all i. As before,

this is a contradiction, and therefore, there exists some 7“2"“r1 not in J. Using the

same arguments as before, it follows that Ext3™"1(S,S) # (0). Combining what
we have shown so far, the proof of the proposition is complete. O

We point out that it follows from our proof of Proposition that the
residue class of a"™ is nonzero in JI""*J N I"/(JI" + I"J) (which is isomorphic
to Tory.(A/r,A/1r) by [Bd]), and that the residue class of "' is nonzero in
JI"NI"J/(JI"J + I"*1) (which in turn is isomorphic to TOI"STJFI(A/E7 A/1)).

However, when Ext} (S,S5) # (0), then Ext} (S, S) is not in general nonzero for
all ¢ > 1. The following example was pointed out to us by Dieter Happel [H2].

Let @ be the quiver given by

aClé2

Let I be the ideal in KQ generated by (a? — b, cab, cb). Denote by S the simple A-
module corresponding to the vertex 1. As with all simple modules corresponding to
a vertex with a loop, Ext (S, S) # (0) for i = 1,2. However, Ext} (S, S) = (0), and,
since 4 (S) = S, then Ext} (S, 5) = (0) if i =3 mod 4, and nonzero otherwise for
all ¢ > 1.

5. EXAMPLES

Let @ be a finite quiver and let I = (p1,..., p,) be an admissible ideal of K@,
where {p1,...,pn} is a minimal set of generators of the two-sided ideal I. Assume
that for each i = 1,... ,n, the element p; is a linear combination of paths in @
with coefficients +1 or —1. Let A = K@Q/I be the corresponding finite dimensional
algebra. We know that if A is a monomial algebra, then the global dimension of A
(more generally, the projective dimension of each simple A-module) is independent
of the characteristic of K (see [GHZ]). If A is the incidence algebra of a partially
ordered set, the global dimension of A, although always finite, can vary with the
characteristic of K, unless gldimA < 2 in which case it is again characteristic
independent (see [Cl IZ]). In this section, we give examples which show that the
global dimension can fluctuate rather wildly according to the characteristic of the
field. The proofs of these examples can be easily done using the minimal projective
resolution constructed in the second section. We start, however, by showing that,
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if the global dimension is two in one characteristic, then it cannot be infinite in
another. More specifically, we prove the following.

Theorem 5.1. Let Q be a finite quiver and let E and F be two fields. Let
Ply- .-, pn be linear combinations of paths in @Q, where the coefficients are +1,
and let Iy (Ir respectively) denote the two-sided ideal of EQ (FQ respectively)
generated by the elements p1,...,pn. Assume that Iy and Ir are both admissible
ideals, and, that gldim EQ/Ig < 2. Then gldim FQ/Ir < co.

We will prove the theorem by induction on the number of vertices of @), the case
where we have only one vertex being obvious. We need a few preliminary results.

Lemma 5.2. Let A be an artin algebra and let Sy be a simple A-module such that
idpaS < 1. Let e be the primitive idempotent corresponding to S. Then,
(i) gldim(1l —e)A(l —e) < gldim A,
(ii) if gldim A = oo, then gldim(1 — e)A(1 —e) = co. (Compare with [Eud, Propo-
sition 2.5].)

Proof. Since idaSx < 1, we have pdyop DS < 1, where D is the usual duality,
and we can use [Z] to infer (i). Assume now that gldimA = co. Then there is a
A-module My such that pd My = co. Let N = Q% M—the second syzygy of M.
By [1], since idS < 1, we have that, if

P:--P,—--—Py— Ny—0

is a minimal projective resolution of NV, then no P; has a summand isomorphic to
eA. Thus, Homa ((1—e)A, P) is a minimal projective resolution of the (1—e)A(1—e)-
module Homu ((1 — e)A, N). Hence, gldim(1 — e)A(1 — e) = co. O

The next result is well-known.

Lemma 5.3. Let A = KQ/I be a finite dimensional quotient of the path algebra

KQ by an admissible ideal I. Let p1,...,pn be a minimal set of generators of I
in the sense that I cannot be generated by a proper subset of {p1,...,pn}. For a
vertex v of Q the following are equivalent:

(i) idS, < 1.

(ii) p;v =0 for eachi=1,... ,n.

Definition 5.4. Let Q be a finite quiver and let I be an admissible ideal of K Q.
Let p1, ..., pn be a minimal set of generators of I and assume that p;v = 0 for each
i. It is clear that there are no loops at the vertex v since, otherwise, we would have
that Ext%(Q/I (Sw, Sy) # (0), contradicting the fact that the injective dimension of
S, is less or equal to 1. We construct a new quiver @* as follows: the vertices of
Q* are all the vertices of () different from v. The arrows of Q* are obtained from
the arrows of ) in the following way: each arrow of ) whose origin and terminus
are both different from v, is also an arrow of Q*, and, for each path ab in Q:
a b
e — 0 — 0
u v w
such that ab is not in I, we form a “new” arrow C(a,b) in Q*
C(a,b)

o — @
u w
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The corresponding two-sided ideal I* of KQ* is defined in the following manner: if
pi is such that vp; = 0, and if p; is not a path of the form ab:

a b
o — 0 — .7
v
then we let p! be the relation obtained from p;, by replacing each occurrence of a
path of the form e = Lo by the arrow C(a,b). Assume now that p; is a relation

v
satisfying vp; # 0. Let a1,... ,ax denote all the arrows into the vertex v, and let

¢
a2

o ——> 0

b1, ... ,bs denote all the arrows starting at v. We let pJ; be the relation obtained
from a;p; by replacing each path a;b; not belonging to I, that appears in a;p;, by
the arrow C(a;,b;). We now define I* to be the two-sided ideal of K Q* generated
by all the elements of type p*.

Proposition 5.5. There is a K-algebra isomorphism
KQ'/I"~ (1 -e)KQ/I(1 —e),
where e is the primitive idempotent corresponding to the vertex v.

Proof. Let ¢: KQ*/T* — (1 —e)KQ/I(1 — e) be ¢p(w) = W for each vertex w of
Q*, ¢(a) = @ for each arrow a of Q* inherited from @, and also ¢(C/(a,b)) = ab
for each arrow of Q* of the form C(a,b) (here T means the image in KQ/I of the
element x of KQ). It is clear that ¢ induces a K-algebra homomorphism which is
onto, and, it is not hard to show that Ker ¢ = I'*. O

Remark 5.6. The generating set {p}, pj.} of I* need not be minimal. Indeed, it
could happen that one of the pj,’s can be written in terms of the remaining p*’s.
However, no element of the form p; can be written in terms of the remaining p}’s
and pj;.’s. This means that, by dropping if necessary some of the elements of the
form pj; , we get a minimal generating set of I*, and, by construction the coefficients
involved are again +1.

Finally, we should point out that I* need not be admissible, for instance, one
of the minimal relations may be a sum of C'(a,b) and linear combinations of other
paths. In this case, it is easy to see that KQ*/I* is isomorphic to an algebra
KQ**/I**, where Q** is obtained from Q* by dropping the arrow C(a,b), and I**
is obtained from I* in the obvious way, that is, by replacing every occurrence of
C(a,b) by the given linear combination.

Proof of Theorem [2l Any artin algebra of global dimension n has at least one
simple module with injective dimension equal to n — 1 by an argument similar to
the one in [Z]. The theorem follows from the remarks above by induction on the
number of nonisomorphic simple modules. O
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The following examples illustrate how global dimension can be affected by the
characteristic of the ground field.

Example 5.7. Let Q be the following quiver:

b1

C1
a /\l/_\/k

1——2 : 3 5
v p
bn

4

where n > 2, and, let I = (3}"7"_, ab;,bici + bpco,for i = 1,...,n). Let A = KQ/I
and let S; be the simple A-module corresponding to the vertex 1.
We claim the following:

3, if chark|n
d S — ) ?
Pea=1 {2, if charktn

and,

if ch
oldim A = 3, 1 chark | n,
2, if chark {n.

Proof. Tt is easy to see that f° = v; and f' = a. We can write ;I NaR = v1I =
II; f2*R and we can easily see that f2 =>"""_ | ab;, since for each i, ab;c1 + ab,cs is
an element of al = f!'I. Next, in computing the intersection f2R N f'I, we must
solve the equation

n n n

Z(abicl + abpco)oy; = (Z ab;c1)p + (Z ab;c)7y,
i=1 i=1 i=1
where oy, ... ,ay, 3,7 are in the field K. By identifying corresponding coefficients,

we see that for each i =1,...,n, a; = 3, >i" | a; = v, and also that v = 0. This
implies that n8 = 0, and f2RN f'I = (3, abic1B)R. If char K { n, then 3 = 0.
Thus f2RN f1I = (0), and hence pd S; = 2. If char K | n, then we can take 3 = 1;
we also see that Z?:l ab;cy is not in f2I, since c; is not in I. In this case, we
have f3 = 3"  abjci. It is easy to show that f3R N f2I = (0). The remaining
statements are obvious. ([l

Example 5.8. A small adjustment of the previous example yields the following.
Let @ be the quiver given by
b
1 a 9 m 3 /%l 4
~—
g ~d_ T
g
and let I = (ab+ ac+ ad, be + df, ce + df ,de + df ,eg, ga). Let A = KQ/I and let S;
be the simple A-module corresponding to the vertex i of Q. It is easy to see that A
is finite dimensional. An easy calculation shows that A has finite global dimension
if and only if the characteristic of K # 3. In characteristic different from 3 we
have that pd, S1 = 2, pdy Sz = 5, pdy S3 = 4 and pd, S4 = 3. In characteristic
equal to 3 all simple A-modules have infinite projective dimension. In fact, we have
the following initial segments of the minimal projective resolutions of the simple
A-modules.
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In characteristic 3:
O—>S1—>P4—>P3—>Pgi>Pl—>51—>07
O—>512—>Pf—>P§3—>P2—>52—>0,
0—>Sl—>P42—>P3—>5'3—>0,
0—85 — Py — Sy —0.

In characteristic different from 3:
0—>P3M>P21>P1—>51—>0

and as above Q3 (S2) ~ S%, Q3 (S3) ~ S1 and QA (Sy) ~ 5.

APPENDIX

The authors would like to thank M. C. R. Butler and the referee for kindly
pointing out that we can also approach the construction of the projective resolu-
tions more conceptually. One gains a notational simplicity but loses an explicit
algorithmic method of constructing the resolution. We briefly sketch this approach
and add some comments on how to reobtain our explicit constructions from it.

We keep the following notations from the paper. Let R = K@ denote a path
algebra, let I be an ideal in R, and A = R/I. We let J be the ideal of R generated
by arrows of @ and let Ry denote the K-span of the vertices of Q. Then Ry is
a semisimple K-algebra and R = Ry @ J as Rp-modules. A right projective R-
module is isomorphic to U ®@g, R where U is a right Rp-module. See [BK| [G].
Let M be a right R/I-module, and let Fy be a semisimple Ryp-module such that
there is a surjection Fy ®pg, R — M. Let K; = Ker(Fy ®g, R — M). Then
K, = F1 ®g, R for some right Ro-module F;. We note that F; can be chosen to
be an Ry-complement of K7J in K7 which generates Ki. It should be remarked
that one can always find an Ry-complement to K7J in K;. Because of the special
structure of projective R-modules, F} can be chosen to generate K. An algorithmic
method for constructing F; can be given by constructing a minimal right uniform
Grobner basis for K7 in Fy ®g, R. This Grobner basis is an Ry-generating set for
Fy (see [G]). Fix Fy with the desired properties. Then we get the beginning of a
projective R/I-resolution of M.

Fy QRo R/F1 ®ROI—> Fy QRo R/FO QRg I — M —0.

Next, proceed inductively as follows. Let K, 11 = (F,, g, R) N (Fr—1 ®pr, I) in
Fo®pR, R. Let F};, | be an Rg-complement to K, 11.J in K, which generates K 1.
The same remarks made above about the existence and construction of F; apply to
the existence and construction of F;, ;. Choose F};,; with the desired properties.
Thus K11 = F);, 1 ®g,R. Decompose F};, | as an Ro-module, F;, | = F 11 @F,’H_l,
with F) ,, C F,, ®g, I. We get an R/I-projective resolution of M as follows.

- — Iy Qp, R/F> ®ry [ — F1 ®R, R/F1 ®Rr, 1
— Fy ®p, R/Fo ®py I — M — 0.
This method yields the construction of the paper by taking the f/*’s to be an
“Ro-basis” of F),; namely, since F;, is a direct some of simple Ryp-modules, the f

choose one from each summand. As remarked above, the F,’s and the f*’s in
particular, can be explicitly constructed using right Grébner basis techniques.
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In the construction in Section 1, we find the f;:,’s and form F},,; by taking all

n

fri1’sin F,, ®g, I. One does not need to remove all such f;,’s; that is, F) | can

be chosen to be any summand of F};,; with the property that F} ; C F, ®g, I.
Of course, if one is attempting to construct a minimal projective resolution, F},
must be taken as large as possible. On the other hand, always taking F, = 0 yields
the following well known generalization of the Gruenberg resolution mentioned in
the introduction. Let Py = Fy ®pr, R and P, = Ker(Py — M) (over R). Then, the
above construction yields the long exact sequence

— PyI?/PyI® — PyI/PI* — Pyl /PyI* — Py/P,I — Py/Pol — M — 0,

coming from the filtration

- CPRI*CPICPICP Ch.

This immediately yields the following formulae. For m > 1,

Tory,, (M, Ro) = (PLI™ YT N PoI™) /(P I™ + PyI™J),

and for m > 0,

[A]

[AG]
[Ba]
[Bo]

[BK]

[E]

[ENN]

[F]
[FGKK]

[Fu]

[GHZ]
[H1]

[H2]
(HZ]

Tord,,, 1 (M, Ro) = (PLI™ N PoI™J)/(PLI™J + PyI™ ).
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